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A number of important symmetric (u, k, 2) designs, or biplanes, have the 
property that the automorphisms fixing some block B act transitively on unordered 
pairs of points of B. Over the past two decades, a number of authors have tried 
either to produce an infinite family of biplanes with this property or else to show 
that only finitely many exist. We settle this question, by determining all such 
biplanes: only five exist. The proof is somewhat unusual in that it relies on 
algebraic geometry and the modular representation theory of groups. ‘0 1988 
Academic Press, Inc. 
1. INTRODUCTION 
The classification of geometries by virtue of their symmetries is a central 
theme dating back at least to Felix Klein. The program has been applied 
with great success to the study of projective planes [9]. We can ask similar 
questions about symmetric (u, k, ,I) designs with L > 1; however, rather 
different methods are required and, on the whole, much less is known. 
The main purpose of this paper is to settle an open question concerning 
biplanes-that is, symmetric (0, k, 2) designs. We shall determine all 
biplanes D with any of the following properties: 
Property A. There exists an automorphism group G of D which fixes a 
block B and acts on the points of B as PSL(2, q) acts on PG(l, q). 
Property B. There exists an automorphism group G of D which fixes a 
block B and acts 2-homogeneously on the points of B. 
Property C. There exists an automorphism group G of D which fixes a 
block B and acts transitively both on the set of points incident with B and 
on the set of points not incident with B. 
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The investigation of biplanes with Property A has a long history. Five 
such biplanes are known: 
(1) the unique biplanes with k = 3, 
(2) the unique biplanes with k=4, 
(3) the unique biplanes with k = 5, 
(4) the “nicest” biplane with k = 6, namely the unique one with an 
automorphism group 2-transitive on points, 
(5) one of the four biplanes with k = 9. 
(We note that all biplanes with k -C 10 are known; for more details see [ 11, 
We also remark that in four of the cases the full block stabilizer is a larger 
group than PSL(2, q); it is S3, Sq, A,, S,, and PSL(2, 8), respectively.) 
The action of PSL(2, q) on these biplanes is more than incidental. Hall 
[6] showed that each could be easily constructed by starting with the 
assumption that PSL(2, q) acts as a block stabilizer in a particularly nice 
fashion. His goal was to produce an infinite series of biplanes in this 
manner, but instead he proved that his construction necessarily failed for 
k>9. Whether there exist further biplanes with Property A (requiring a 
different construction) has remained an open question for two decades 
[6, 10, 12, 151. In Sections 4, 5, and 6, we settle this question in the 
negative : 
THEOREM 1. A biplane with Property A has k = 3,4, 5, 6 or 9. 
The proof is somewhat unusual; it relies on algebraic geometry and on 
the modular representation theory of groups. One consequence of 
Theorem 1 is that all symmetric designs with Property A can now be 
classified, since biplanes have hitherto been the sole outstanding case: 
THEOREM 2. Let D be a symmetric (v, k, 2) design with Property A. 
Then 
( 1) If 1, = 1, then D is a Desarguesian projective plane. 
(2) If ;I = 2, then D is a biplane with k = 3, 4, 5, 6, or 9. 
(3) If 2 > 2, then D is one of 
(a) the unique symmetric (11, 6, 3) design, 
(b) the complementary design to the point-hyperplane design in 
PG(3, 2), 
(c) the complementary design to the “nicest” biplane with k = 6. 
Proof (1) follows from Luneburg [19] and Yaqub [26]. (2) is the 
content of Theorem 1. (3) was settled by Kelly [lo]. 1 
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Properties B and C seem, on their face, much stronger than Property A. 
However, we shall show the following: 
THEOREM 3. A biplane with Property B or Property C necessarily has 
Property A and thus is one of the known biplanes k = 3, 4, 5, 6, or 9. 
The paper proceeds as follows. In Section 1, we recall a useful collection 
of graphs which may be associated with any biplane. We exploit these in 
Section 2 to prove Theorem 3, by showing that no 2-homogeneous 
group-other than possibly PSL(2, q)+an act as a block stabilizer of a 
biplane with k > 8. The classification of all 2-homogeneous permutation 
groups makes this possible. Finally, we turn to study biplanes with 
Property A, considering the cases q even, q E 1 (mod 4), and q E 3 (mod 4) 
in Sections 4, 5, and 6, respectively. For general background on symmetric 
designs, the reader can consult my book [ 171. As a reference 
for permutation groups, see [25]. For modular representation theory, 
see [20]. 
2. BIPLANES 
The parameters of a biplane are (t(k2 - k + 2), k, 2). Its structure can be 
described succinctly by using only the points of a single block B. (The 
descrition closely follows Cameron [l]. Equivalently, it is dual to the 
definition of Husain chains in Hall [6].) By the definition of a symmetric 
(v, k, 2) design there is a one-to-one correspondence between unordered 
pairs of points of B and blocks other than D; a block corresponds to the 
pair of points in which it meets B. Each point r not incident with B can be 
represented by a divalent graph I’(r) having the points incident with B as 
its vertices. We define T(r) as follows. For any point p on B there are two 
blocks incident with r and p. Each meets B in one further point and the 
points obtained in this way are distinct. The edges of T(r) are exactly the 
pairs { pl, p2} of points incident with B such that there is a block incident 
with pl, p2, and r. Clearly, the graph had valency 2 and is thus a unin of 
polygons. Denote by r the collection of all the graphs T(r) obtained in this 
way. The definition of a biplane implies that the collection r has the 
following properties: 
(1) for any three distinct points pl, p2, p3 incident with B, {pl, p2} 
and { pI , p3} are both edges in a unique graph in r; 
(2) for any four distinct points pl, p2, p3, p4 incident with B, 
{P,, p2> and {p3, ~~1 are both edges in exactly two graphs in r; and 
(3) any two graphs in r share exactly two edges. 
Conversely, given any collection of divalent graphs on a k-set, satisfying 
the above properties, we may recover a biplane. 
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This representation is particularly convenient for the study of a block 
stabilizer of a biplane since it shows how the action of a group on the 
points incident with B determines its action on the blocks other than B and 
on the points not incident with B. One immediate consequence is that any 
automorphism group of a biplane which fixes a block acts faithfully on the 
points of the block. 
3. PROOF OF THEOREM 3 
The proof of Theorem 3 depends on the knowledge of all 
2-homogeneous groups, which is one of the many consequences of the 
classification of finite simple groups [2]. 
THEOREM 4. Let G be a ($aithfiil) 2-homogeneous perutation group 
acting on a finite set X. Then either 
(1) G contains a regular normal subgroup or 
(2) G contains a simple subgroup which also acts 2-transitively on X in 
one of the following permutation representations: 
Group Degree Order 
A,,n>4 
PSL(d, q), d> 1 
(PSU(3, q2), 4 > 2 
‘B*(q), q = 22u+ ’ > 2 
(Suzuki) 
2G2(q), q = 3“‘+ ’ > 3 
(Reel 
P&W, 2) 
PSpW, 2) 
PSL(2, 11) 
PSL(2, 8) 
A7 
Ml1 (Mathieu) 
Ml1 (Mathieu) 
Ml2 (Mathieu) 
M22 (Mathieu) 
M23 (Mathieu) 
M2‘l (Mathieu) 
HS (Higman-Sims) 
CO, (Conway) 
$l! 
(4 ““-;),(q- 1) (d, q- 1))’ 
q3+ 1 
q*+ 1 
_ 
(q2-l)...(q”-1) 
(3,q+1)-‘q3(q3+l)(q2-1) 
q2(4- Nq2+ 1) 
q3+ 1 
22dp 1 +2d-1 
22d- I _ 2d- I 
11 
28 
15 
11 
12 
12 
22 
23 
24 
176 
276 
q3(4- l)(q3+ 1) 
(22-1)(24-1)...(22d-1) 
Same 
2*.3.5.11 
23. 32. 7 
23.32.5.7 
24.32.5.11 
Same 
26.33.5.11 
2’.3*.5.7.11 
27.32.5.7.11.23 
210.33.5.7.11 .23 
29.32.53.7.11 
2’“.37.53.7.11.23 
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Proof: All 2- homogeneous but not 2-transitive groups have long been 
known [ 111; they are subgroups of the general affine group of dimension 1 
and thus fall under case (1). For 2-transitive groups, the division into those 
with a regular or a simple subgroup is classical [25]; the classification of 
finite simple groups allows the last case to be settled [32]. 1 
We now turn to the proof of Theorem 3. For biplanes, Properties B 
and C are equivalent, as the next proposition shows. 
PROPOSITION 5. Let D be a biplane with parameters (v, k, 2) and let G be 
an automorphism group stabilizing a block B. The following are equivalent: 
(1) G acts 2-homogeneously on the points of B. 
(2) G has two orbits on blocks, and thus is transitive on the blocks 
other than B. 
(3) G has two orbits on points and thus is transitive on the points 
incident (respectively, not incident) with B. 
These conditions imply that +(k - l)(k - 2) must divide the order of G. 
Proof. By the representation of blocks not incident with B given in the 
last section, (1) and (2) are clearly equivalent. As for (2) and (3) their 
equivalence follows from the fact that the number of point orbits of an 
automorphism group of a symmetric design equals the number of block 
orbits (see [ 17, Chap. 33). Since G acts transitively on the set of points not 
incident with B, the order of G must be divisible by the cardinality of this 
set, which is t(k - 1 )(k - 2). 1 
We use the collection of graphs defined above to treat the case of 
2-homogeneous groups with regular normal subgroups. 
LEMMA 6. Let H and J be subgroups of a group G. Then [H: H n J] is 
divisible by [G: J]/([G: J], [G: H]). In particular, if G is a permutation 
group acting transitively on a set X of cardinality k and H is a subgroup of 
index d, then every orbit of H on X has size divisible by k/(k, d). 
Proof The first part is trivial since [G : J] [J: H n J] = [G: H] 
[H: H n J]. The second part follows by taking J= G, for XE X. 1 
PROPOSITION 7. Let D be a biplane with an automorphism group G which 
stabilizes a block B, acts 2-homogeneously on the points of B, and contains a 
normal subgroup H which acts regularly on the points of B. Then k < 9. 
Proof. Use the right regular action of H on B to identify the points of B 
with elements of H. Let r be a point not incident with B and consider the 
graph T(r), which is stabilized by the action of the subgroup H, of H fixing 
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r. Suppose that { 1, h, > and { 1, h2} are the two edges in T(r) containing the 
identity element 1 of H. Then (x, xh, } and {x, xh2} are edges in T(r), for 
any XE H,. 
Choose s not incident with B such that T(s) contains the edge { 1, h, }. 
Then {x, xh, } is an edge in T(s) for x E H,. Thus, T(r) and T(s) share at 
least card(H, n H,) edges. By Lemma 6, [H: H,] d (k, i(k - l)(k - 2)) = 1 
or 2; thus, card(H, n H,) 3 $k. Since the graphs share at most two edges, 
k<9. m 
Our main tools for treating the 2-transitive simple grous are the 
divisibility condition in Proposition 5 and the following three results. 
PROPOSITION 8 (Cameron [ 11). Let D be a biplane with an 
automorphism group G stabilizing a block B. [f G acts 4transitively, then 
k = 4 or 6. 
PROPOSITION 9 (Kantor [ 131). Let K be a subgroup of PSp(2m, 2) 
(m > 3) of index less than 2 M-~‘(“- ‘)12. Then K is reducible-that is, K 
stabilizes a non-trivial subspace. 
Similarly, let K be a subgroup of PSL(n, q) (n > 2) of index less than 
4 1/2C”+“Cn~2’ ifq>2, or index less than q(n-2’(n~3”2 ifq=2. Then K is 
reducible. 
PROPOSITION 10. If there exists a symmetric (v, k, A) design then 
(i ) if v is even, n = k - II must be a square ; 
(ii) ifv is odd, the equation 
nX2+(-1) l/2(0- I) Ay2 =z2 
must have a solution in integers X, Y, Z, not all zero. 
Proposition 10 contains the only known necessary conditions for the 
existence of a symmetric design. The first is Schutzenberger’s Theorem and 
the second is the Bruck-Ryser-Chowla Theorem (see [ 17, Chap. 21). 
We now turn to the proof of Theorem 3. 
Proof of Theorem 3. We consider the 2-homogeneous permutation 
grous on the list above, ignoring cases with degree ~9. 
(1) Alternating groups. For n > 5, the alternating group A, is 
4-transitive and so is excluded by Proposition 8. 
(2) Sporadic examples. Proposition 10 shows that no biplanes exist 
with k = 12, 15, 22, 23, 24, 28, or 176. This only leaves PSL(2, 11) acting 
on 11 points and CO3 acting on 276 points. Both of these cases are 
excluded by Proposition 5. 
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(3) Suzuki groups. Proposition 5 requires that $q2(q2 - 1) divides 
the order of the group, q2(q - l)(q* + 1); this implies that (q + 1) divides 4, 
which is impossible. 
(4) Ree groups. Proposition 5 requires that tq3(q3 - 1) divides 
q3(q - 1 )(q3 + 1); this implies that q2 + q + 1 divides 4, which is impossible. 
(5) PSU(3, q). Proposition 5 requires that +q3(q3 + 1) divides the 
order of the group; this forces q* + q + 1 to divide 4q + 4, which is 
impossible. 
(6) PSL(d, q), d> 2. Suppose that D is a biplane with an 
automorphism group G stabilizing a block B and acting on the points of B 
as PSL(d,q) acts on the k=(qd- l)/(q- 1) points of PG(d- 1,q). By 
Proposition 5, G acts transitively on the +(k - l)(k - 2) points not on B. 
Let H be the subgroup stabilizing a point not incident with B. Since 
(k, +(k - 1 )(k - 2)) = 1 or 2, every orbit of H on B has size divisible by ik. 
In particular, H cannot be a reducible subgroup of PSL(d, q). However, H 
is a subgroup of relatively small index, namely f(k - 1 )(k - 2) which is less 
than q “‘-’ if q > 3 and less than q2dp1 if q = 2 or 3. This contradicts 
Proposition 9, unless either dd 5 or (q, d) = (2, 6), (2, 7), (2, 8), or (3, 6). 
Proposition 5 can be used to exclude these cases, in the same manner as in 
(2))( 5) above. 
(7) PSp(2d, 2). Proceed as in the previous case. (For a description 
of the permutation representation, see [17, Chap. 31.) For d> 2, 
(k, t(k - l)(k - 2)) = 1; H is therefore transitive on B and thus an 
irreducible subgroup of PSp(2d, 2) having index t(k - l)(k - 2) < 24d-2. 
This contradicts Proposition 9 unless d < 13. For 2 < d < 13, the group fails 
the divisibility test of Proposition 5. For d = 2, k = 6 or 10. The second case 
is excluded by Proposition 10; the first case is the known “nicest” biplane 
with k = 6. 
This completes the proof of Theorem 3. u 
4. BACKGROUND ON ALGEBRAIC GEOMETRY 
In the next two sections, we shall show that biplanes with Property A 
give rise to irreducible polynomials f(x, y) over GF(q) with very few 
zeroes. Now, one of the great achievements of algebraic geometry is the 
estimate that any such equation f(x, y) =0 has about q solutions, with 
error on the order of ,,/q. For sufficiently large q, this will imply that no 
biplanes may exist with Property A. The necessary background in algebraic 
geometry is given briefly in this section. A more complete introduction, 
aimed specifically at combinatorialists is given by Hirschfeld [S]. For more 
general references, ee [S, 7, 22). 
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Let f(x, y) be an absolutely irreducible polynomial of degree d over 
GF(q); that is, f(x, y) does not factor over the algebraic closure of GF(q). 
To count the points on the curve f(x, y) = 0, it is best to include “points at 
infinity.” Define a homogeneous form of degree m by the equation 
F(x, y, z) = zdf(x/z, y/z). The curue f(x, y) = 0 is defined to be the locus of 
projective points (x, y, Z) such that F(x, y, z) = 0. The finite points are 
those with z # 0. Normalizing the projective coordinates to have the form 
(x, y, l), it is clear that these points correspond precisely to the solutions 
(x, y) E GF(q)*. Points with z = 0 are the so-called poinrs at infinity. 
A singularity of multiplicity m is a projective point (x, y, z) at which all 
partial derivatives of F of order 1, . . . . m - 1 are zero, but some partial 
derivative of order m is not zero. A curve without singularities is said to be 
smooth. 
The accuracy of the estimate for the number of points on a curve 
depends on the genus of the curve, an algebraic and topological invariant. 
Defining genus precisely would take us too far astray; the reader is referred 
to [S, 7, 221. For our purposes, we shall require only the following two 
estimates (see [22, pp. 173-1761). 
PROPOSITION 11. Let ,f(x, y) he an absolutely irreducible polynomial of 
degree d. If g denotes the genus of the curve ,f(x, y) =0 then 
g < 4(d- 1 )(d- 2). 
PROPOSITION 12. Let f(x) be a polynomial of degree d which is not a 
multiple of the square of a polynomial. Then y* -f(x) is absolutely 
irreducible and defines a curve of genus at most f(d - 1) tf d is odd and at 
most i(d- 2) tf d is even. 
Weil’s estimate for the number of points on an algebraic curve can be 
stated as follows [24]. (The last term can be dropped [23], provided we 
first “blow-up” non-ordinary singularities to be ordinary ones and then 
count these with multiplicity equal to the number of tangents at the 
singularity [S, 7, 221. To do so, however, would take us too far afield.) 
THEOREM 13. Let f(x, y) be an absolutely irreducible polynomial of 
degree d, defining a curve of genus g having s singular points. The number N 
of points on the curve satisfies 
IN-(q+l)ld2gJq+(d-1)s. 
In essence, the theorem says that the number of zeroes is what one 
would expect “at random”: of q* + q + 1 projective points, about l/q are 
zeroes. Using Theorem 13, one can prove many similar results showing 
that polynomials over GF(q) behave essentially “randomly.” For example, 
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we show that the chance that j polynomials in GF(q) simultaneously take 
on square values is about 2--j. 
THEOREM 14. Let f,(x), . . . . f;(x) h e non-constant polynomials over GF(q) 
of degrees A,, . . . . d,, respectively. Suppose that no (non-empty) product of 
distinct f,(x) is a multiple of a square in GF(q)[x]. Let d= d, + . . + d,. 
The number N, of x such that 
y: =f,(-x), . . . . Y; =,f;(.x) 
has a solution (y,, . . . . y,,,) satisfies 
INO-2--‘ql d+(d- l)(Jq+2)+ 1. 
Proof: If j= 1 and d= 1 or 2, the result follows at once from 
Theorem 13 and Proposition 12. Suppose that j = 1 and d > 2. Let 
N= N, + N, + N, be the number of points on the curve y2 -fi(x) =O, 
where N, is the number of points at infinity, N, is the number of points 
with y = 0, and N, is the number of points with y #O. Then 
N,= +(N+ N, -N,). Now, N, = 1 and N, dd. The curve has one 
singularity at the infinite point. The result then follows from Theorem 13 
and Proposition 12. 
Now, let j> 1. For each binary j-tuple a = (a,, . . . . a,), let C, be the 
number of x such that each fi(x) is a square if a, = 0 and a non-square if 
a,= 1. Let N, be the number of x such that 
y2 =fl(x)U’ ‘. .fi(xyJ 
has a solution y. It is easy to see that 
(1) 
N, = z,ihC,, (2) 
where I denotes orthogonality (mod 2) since knowing which fj(x) are 
squares and non-squares straightforwardly determines whether (1) has a 
solution, for a given x. We wish to estimate Co. ,.,Oj. Summing (2) over all 
j-tuples b, 
Z,N, = ~,,~‘u~c,Cu 
=C,card({b(b I aj)Cu 
=2’C,n ,.._ 0,+2’-%.(n ,..., n,c, 
=2’-‘c,, ..,,,+2’ lz,c, 
=2/- ‘c (0,..,0)+2'~'~~ 
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By the corollary, we have 
for b = (b,, . . . . hi) # (0, . . . . 0) and 
N(O, ... . 0) = 4. 
Summing over all b yields 
IChN,-2jp’q--tqJ di(2’-‘d-2’+ l)(Jq+2)+2j, 
which implies that 
G,...,r2-‘ql dl(d- l)(Jq+2)+ 1 
as required. 1 
5. BIPLANES WITH PROPERTY A, q EVEN: ALGEBRAIC GEOMETRY 
Let D be a biplane with Property A, let q be even, and let G be the 
required group stabilizing the block B, the points of which we identify with 
the elements of PG( 1, q). As in the proof of Proposition 7, let H be the sub- 
group of G fixing the graph T(r), corresponding to a point r not incident 
with B. The index [G: H] = 2(q2 - q). From Dickson’s list [3] of the sub- 
groups of PSL(2, q), we see that H must be a dihedral group of order 
2(q + 1) whose maximal cyclic subgroup C= (0) acts transitively on the 
q + 1 points of PG( 1, q). Since T(r) is fixed by H, it is not hard to see that 
its edges must be exactly the pairs {x, g(x)} for some fixed go C. Without 
loss of generality, we may suppose that { 1, co } and (co, 0) are edges in 
T(r) and thus that u is of the form 
a:x+a/(l -x) 
for some non-zero a E GF(q). Since 0 has no fixed points, x2 - x + a must 
have no roots in GF(q). 
The remaining graphs in r are induced by the action of PSL(2, q) on 
T(r), with elements in the same coset of H giving rise to the same graph. 
Consider the element PE PSL(2, q)\H defined by p: x -+ ux for some 
u#O, 1. The edges of P(r) are the pairs (p(x), PO(X)}. Such an edge is 
shared with T(r) if either 
w(x) = v(x) @a) 
or 
flu(x) = we). (3b) 
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Since T(r) and Tp(r) share exactly two edges, the system of equations (*) 
must have exactly two solutions x for each u#O or 1. Equation (3a) has 
two distinct solutions, x = cc and x = (u + 1) ~ ‘. Thus, Eq. (3b) must have 
no further solutions. By substitution, we check that x = cc does not solve 
(3b), but x = (u + 1 )- ’ does solve (3b) when u is one of the roots rl or rz of 
au2 + (20 - 1) u + a = 0 (provided they lie in GF(q)). In summary, Eq. (3b) 
has no solutions unless u = 0, 1, rl , or rZ. 
Expanding the second equation, we obtain 
f(u, x) := ux2 + [au’- u-a] x + a = 0. (4) 
The algebraic curve defined by Eq. (4) has very few points. Using the 
previous paragraph, we see that the only three “finite” points are (0, l), 
(r,, J4rl), and (r2, JOJ. (F or u = 1, the equation reduces to x2 -x + a, 
which we observed earlier has no solutions.) There are also three points at 
infinity, for a total of six. 
This contradicts the point-counting results from algebraic geometry, 
unless q is very small. By Proposition 11, Eq. (4) defines a smooth curve of 
genus 1. The number N of points on the curve must satisfy 
IN-(q+ l)l G2Jq. 
Since N = 6, then q < 12. This proves Theorem 1 for even q. Hall’s paper 
[6] also contains a proof for this case, but the proof is longer and more 
complicated, albeit more elementary. 
6. BIPLANES WITH PROPERTY A, q- 1 (mod4): 
MORE ALGEBRAIC GEOMETRY 
Let D be a biplane with Property A, with q = 1 (mod 4) and q > 5. We 
will again show that the symmetry properties give rise to a system of 
equations with “too few” solutions, although the argument will require 
more detailed counting. 
As before, let H be the subgroup of G fixing the graph T(r), 
corresponding to a point r not incident with B. We have [G: H] = 
f(q’- q). For q = 1 (mod 4) Dickson’s list [4] implies that H must be a 
dihedral group of order (q + l), acting intransitively on two orbits S, and 
S, of size +(q + 1). Let H’ be the unique dihedral subgroup of PGL(2, q) 
containing H. Also, let C be the maximal cyclic subgroup of H and C’ the 
maximal cyclic subgroup of H’. 
The graph T(r), fixed by H, must be of one of two types: 
(i) if there exists no edges between points in S, and S,, then the 
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edges of T(r) are of the form {x, a,(x)} for XES, and {x, a,(x)} for 
XES*, where (T,, gZ are fixed elements of C; 
(ii) if there exists an edge between S, and SZ, then all edges of T(r) 
run between S, and S, and are of the form {x, o,(x)} and {x, a,(x)} for 
XE S,, where gi, oZ are fixed elements of C’- C. 
We will consider only case (i), with case (ii) being similar. We may 
assume without loss that r is chosen such that { 1, co} and {co, 0} are 
edges in T(r) and that 1, co, 0 ES,. Thus 0, is of the form 
a,:x+a/(l -x) 
for some element a E GF(q). Since c~i E PSL(2, q), a must be a square. Also, 
since c, has no fixed points, the discriminant 1 - 4a of x2 - x + a must be a 
non-square. It is useful to describe the set S, algebraically. 
PROPOSITION 15. Let x E GF(q) u {cc }. The following are equivalent: 
(i) XES,; 
(ii) x*-x++ is a square in GF(q)u {a}; 
(iii) x=(y’+iy-$(a-i))/yfor some y in GF(q)u {w}. 
Proof: The set S, is the orbit of co under the cyclic group C, which lies 
with index 2 in C’. Since C’ is the centralizer of ai, we find that 
C’=(a:x+(bx+a)/(-x+/7+1)}. 
The subgroup C of index 2 in C’ is necessarily the set of elements with 
square determinant. Thus, the orbit of cc under C is the set 
S,={-b16*+b+aisasquare}={b(b*-b+aisasquare}. 
If b= [y’+ty-$(a-$)1/y then b2-b+a= [y’-fy-$(a-4)1/y. 
Thus, the set in (ii) includes the set in (iii). Note that y + [y2 + $v - 
(a - a)]/~ is a 2: 1 map on GF(q) u { 30 }. The set in (iii) thus has t(q + 1) 
elements and equals that in (ii). 1 
As before, consider the element ,D: x + UX, for some u # -1, 0, 1. Assume 
that u is a square, so that u E PSL(2, q)\H. Let x E S,. The pair 
{p(x), pa,(x)} is an edge of T’(r). It is also an edge of T(r) if either 
aI Ax) = Pal(x) (Sal 
or 
Ax) = aI pal(x). (5b) 
Since T(r) and Tp(r) share exactly two edges, there can be at most two 
such XE S, corresponding to any U. Equation (5a) has two distinct 
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solutions over GF(q), x = CT, and x = (u + 1) ~ ‘. As in the previous section, 
the first is never a solution of Eq. (5b) and the second is only a solution of 
Eq. (5b) if u is one of the two roots, r, or r2, of uz4* + (2~2 - 1) u + a = 0. 
Expand Eq. (5b) as 
ux2+ [au*-u-a]x+u=O. (6) 
Supposethatu# -l,O, l,r,,orr,.If(u+l))‘~S~,thenEq.(Sa)hastwo 
solutions in S, and thus Eq. (5b) must have no solutions x E S,. If 
(u + 1) ’ $ S, , then Eq. (5a) has one solution in S, and thus Eq. (5b) has 
at most one solution x E S,. 
This allows us to estimate the number M of solutions (u, X) to Eq. (6) 
with u a square and x E S, We have M < K + L, where K is the number 
solutions with u = - 1, 0, 1, r, or r2 and L is the number of u such that 
(a) u is a square, 
(b) ,f(u, x)=0 has a solution xEGF(q), and 
(c) (u+ l))‘ES,. 
We have K < 7. (There is one solution for u = 0 and no solutions with 
u = 1, since x2 - x + a has no solution.) To estimate L, note that conditions 
(a), (b), and (c) are equivalent to 
(a’) u is a square, 
(b’) [au2 - u-u]‘- 4uu is a square, and 
(c’) u(u+ l)*-(u+ 1)+ 1 is a square, 
since (b’) simply says that the discriminant of f(u, x) is a square and (c’) 
follows from Proposition 15. The hypotheses of Theorem 14 apply, since 
none of the three polynomials are multiples of squares and they are 
pairwise relatively prime. Thus, L < q/8 + 3(Jq + 2) + 1 and 
M<(q+ 1)/8+3(Jq+2). 
Using algebraic geometry, we may also bound M from below. If u is a 
square and x E S,, we may write 
u=v* and x = (y2 + f y - $(u - $))/y. 
Reexpressing Eq. (4) as a polynomial ,f * in v and y, we obtain 
f*(v, y)=uy[y2+fy-$(a-$)] v4 
+ [y~+~l(~,(u~~)][,~~~,~,(u-~)] v2 
-uL’[y’--f---(u-a)]=o. (7) 
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If N is the number of points on the curve f*(u, y) = 0 and N, is the num- 
ber of points at infinity, then M3 b(ZV, - N,). 
PROPOSITION 16. f *(v, y) is absolutely irreducible. 
Proof Consider f *(u, y) as a quartic in u. For any pair of factors, the 
leading coefficients and constant terms must be polynomials in y whose 
product is the leading coefficient and constant term of f *(u, y), respec- 
tively. It is straightforward to try all possibilities. 1 
By Proposition 11, f *(u, y) defines an irreducible curve of genus at most 
15. The curve has two points at infinity, which are its only singularities. 
Thus, N B (q + 1) - 30 Jq - 12. Since N, = 2, then 
M3i[(q+ l)-3oJq- 141. 
Comparing the upper and lower bounds on M, we conclude that q 6 7206. 
It remains to exclude these values of q. 
Note that a biplane with q = 1 (mod 4) has an even number of points. By 
Proposition 10, k - 2 = q - 1 must be a square. Hence, q = 17, 37, 101, 197, 
401, 577, 677, 1601, 2917, 3137, 4357, 5477, or 7057. (By a classic theorem 
of Lesbesgue [IS], any prime power of the form 4x2 + 1 must be a prime.) 
It is then straightforward to check by computer that for each q and each a, 
Eq. (4) has too many solutions. This proves Theorem 1 in the case q= 1 
(mod 4). 
7. BIPLANES WITH PROPERTY A, q=3 (mod4): 
MODULAR REPRESENTATION THEORY 
I shall take a different approach which depends on certain representation 
modules associated with symmetric designs and the modular representation 
theory of PSL(2, q). The application of group representation theory to 
symmetric designs is developed extensively in [17, Chap. 31, to which the 
reader is referred for any necessary background. We shall use the following 
result. 
PROPOSITION 17 (Lander [ 14, 16, 173). Let D be a symmetric (II, k, A) 
design, let G be an automorphism group of D, and let p be a prime such that 
pU I/ n = k - A., with a odd, and p divides neither k or A. 
Let M be the Z-module Z”+ ’ and identify the first v coordinates with the 
points of D. Then G acts on M by fixing the final coordinate and permuting 
the other coordinates as G permutes the points of D. Let Mp = GF(p) be the 
image of M under the projection with kernel pZ’+ ‘, with the inherited 
G-action. 
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Let T be a composition factor of M, regarded as a GF(p) [Cl-module. 
If T is isomorphic to its contragredient representation, then T occurs with 
even multiplicity as a composition factor of M,. 
In the case at hand, suppose that D is a biplane with Property B and G 
is the required group. Let D’ be the dual of the complement of D. (The 
dual is formed by interchanging the role of points and blocks; the com- 
plement by replacing blocks with their complementary sets.) It is easy to 
see that the parameters of D’ are (u’, k’, A’) = (j(q* + q+ 2), $(q2 -q), 
+(q - I )(q - 1 )), and so 2 /( n’ = k’ - 1.‘. Moreover, G acts on the points of D 
by fixing a single point and permuting the others as PSL(2, q) permutes 
unordered pairs of points from PG( 1, q). Proposition 17 applies with p = 2. 
Thus every self-contragredient GF(2) [Cl-composition factor of M, must 
occur with even multiplicity. 
We next determine the composition factors of M,. It is simpler, and 
Proposition 17 still holds, if we work over SZ,@M,, where 52, is an 
algebraic closure of GF(2). 
We begin with the ordinary representation theory of P&5(2, q) over the 
complex numbers and then pass to modular characters. The conjugacy 
classes of PSL(2, q) are well known (see, e.g., [4, p. 2281). Let 
(a) be a cyclic subgroup of order t(q - 1); 
(b) be a cyclic subgroup of order $(q + 1); 
q, and q2 be representatives of the two classes of elements with order 
dividing q. 
TABLE I 
i” 1 1 1 1 1 
il 4 0 0 1 -1 
-1 
i2 t(Y - 1) +J--q -1-J-q 
2 2 
0 (-1)“’ 
i, f-(4-1) 
-1-J-q -1 +J-q 
2 2 0 (-I)'+' 
'YR 
1 <R<&(y-3) q+l 1 1 cdR+oJ lR 0 
@s 1 <S<$(q-3) Y-1 -1 -1 0 -(e’s+e-‘J) 
Nok. Where o is a primitive f(q - 1)st root of unity and 0 is a primitive j(9 + 1)st root of 
unity. 
481 113 I-2 
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Then every element of PSL(2, q) is conjugate to one of 1, q,, q2, ai (with 
i= 1, 2, . . . . $(q - 3)), or h’ (with j= 1, 2, . . . . a(q - 3) or +(q + 1)). A complete 
ordinary character table for PSL(2, q) with q- 3 (mod 4) is given in 
Table I. 
Since M is a permutation module its character x is easy to find. For 
go G, the value x(g) is the number of coordinates fixed by g. Thus 
x( 1) = f(q2 + 9 + 4); 
~(a’) = 3 for i= 1, . . . . a(q - 3); 
I = 2 for j= 1, . . . . $(q - 3); 
X(b l/4(6+ I))= gq + 5); 
x(9,)=2; 
x(42) = 2. 
The value of the inner product 
CL v> = IGI -I 1 x(g) v](g) y E G 
equals the number of times v figures in x. Direct calculation shows that $, 
figures exactly once in x for q > 3, and not at all for q = 3. Moreover, $, is 
a self-contragredient character. 
Let 11/, be the reduction of $, module 2. We must first show that I,+, is an 
irreducible modular character and then determine how often it figures as a 
composition factor of Qn2 0 M,. The next proposition supplies the answer. 
PROPOSITION 18 (see [20] ). Let [ he an absolutely irreducible ordinary 
character of a group G und let r he a prime. Suppose that the highest power 
of r dividing the order of G and the highest power qf r dividing [( 1) are the 
same. Then the reduction rc~f [ module r is an absolutely irreducible charac- 
ter. Moreover, if r] is any other absolutely irreducible ordinary character, 
then ij does not involve c 
In our case, the same power of 2 exactly divides rc/,(l) and the order of 
PSL(2, q). The proposition thus implies that $ is an irreducible modular 
character and that it figures with multiplicity one in M2. Since it is self- 
contragredient, this contradicts Proposition 17. Hence no biplanes exist 
with Property B and q = 3 (mod 4), except when q = 3. This completes the 
proof of Theorem 1. I 
We should note that the approach using modular representation theory 
fails immediately for q= 1 (mod 4) since n = k-l is a square and thus 
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Proposition 17 cannot be invoked for any prime. By contrast, the approach 
using algebraic geometry does succeed in the case q 3 3 (mod 4); I have 
given the proof via representation theory because I find it more elegant. 
8. CONCLUSION 
We have determined all symmetric (u, k, 2) designs with Property A and 
all biplanes with Properties B or C. It may be possible to extend the ideas 
above to yield a complete classification of all symmetric designs with 
Property B. For any fixed value of i., the methods above are nearly 
sufficient as they stand; for arbitrary 2, however, they are not enough. I 
hope to look at this question in the future. 
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